Abstract-In orthogonal frequency division multiplexing (OFDM) systems, the equally-powered pilots (EPP) scheme is known to provide the best channel estimation performance when the channel status is unknown. In this study, it is shown that if we assume the channel correlation function (CCF) of a quasistatic channel is perfectly known at the receiver, all of the available pilot power should be allocated to the pilot sub-carrier with the maximum channel amplitude. In addition, a practical water-filling-type power allocation scheme, designated as the gain-powered pilots (GPP) scheme, is proposed for the case in which the CCF is subject to a certain amount of error. The simulation results indicate that the GPP scheme consistently outperforms the EPP method in terms of improving the performance of the linear minimum mean square error (LMMSE) channel estimator.
I. INTRODUCTION
The performance of orthogonal frequency division multiplexing (OFDM) systems is generally enhanced through the use of coherent demodulation techniques. However, the performance of such techniques is critically dependent upon the accuracy with which the state of the channel is estimated. The channel state information (CSI) is generally estimated using some form of pilot symbol assisted modulation (PSAM) scheme, and thus extensive efforts have been made to develop efficient pilot designs to optimize the system performance.
Optimizing the pilot design involves three basic factors, namely the placement of the pilots in the frequency domain, the ratio of the pilots' power to that of the information-bearing symbols, and the distribution of the available power amongst the individual pilots. It has been demonstrated that spacing the pilots evenly within the frequency domain minimizes the mean square error (MSE) of the channel estimate [1] , [2] , maximizes the lower bound of the ergodic capacity [3] , and minimizes the symbol error rate (SER) [4] . In addition, the ratio of the pilot power to the symbol power that maximizes the lower bound of the ergodic capacity [2] , [3] and minimizes the SER [4] has been derived. Finally, it has been shown that in the event that the CSI is unknown or the channel has a time-varying characteristic, the MSE of the channel estimate can be minimized by applying the equally-powered pilots (EPP) scheme [2] .
This study investigates the problem of allocating the available power within an OFDM system amongst the pilots in such a way as to optimize the performance of the linear minimum mean square error (LMMSE) channel estimator in quasi-stationary channels. It is shown that if we assume the channel correlation function (CCF) is available at the receiver, the EPP scheme fails to optimize the performance of the LMMSE estimator. Under these conditions, it is demonstrated that the MSE of the LMMSE estimator can be effectively reduced by assigning all of the available pilot power to the sub-carrier having the highest channel amplitude. For the realistic case in which the CCF is obtained via channel estimation at the receiver end, and therefore contain a certain amount of error, a power allocation scheme, designated as the gain-powered pilots (GPP) scheme, is proposed to improve the precision of the LMMSE channel estimator. In the proposed GPP scheme, the power allocation of pilots is calculated by the receiver and then fed back to the transmitter. Notation: Vectors are denoted by symbols presented in boldface and the operator (·)
H denotes a conjugate transposition operation. Meanwhile, I L represents an L × L identity matrix. The trace of matrix A is denoted by tr(A) and diag[X(0), ..., X(N − 1)] denotes a diagonal matrix containing diagonal terms X(0), ..., X(N − 1). A(i 1 : i 2 , j 1 : j 2 ) denotes a sub-matrix obtained by extracting rows i 1 through i 2 and columns j 1 through j 2 from matrix A. In the event that no specific range appears in a particular row or column position [e.g., A(i 1 : i 2 , :) or A(:, j 1 : j 2 )], all rows or columns are accounted for constituting the sub-matrix.
II. SYSTEM MODEL
In modeling the system, an assumption is made that the channel impulse response (
T has the form of a finite-impulse response of length L. It is further assumed that h(l) are independent and identically distributed (i.i.d.) complex Gaussian random variables with zero mean and a variance of σ 2 h(l) , l = 0, 1, ..., L − 1. In the frequency domain, the OFDM system has a total of N sub-carriers, including N − L data sub-carriers and L pilot sub-carriers. Note that L represents the minimum number of sub-carriers required to estimate a channel of length L [1] .
The channel frequency response is denoted as
T , where
Given a cyclic prefix (CP) of length K, K ≥ L, and assuming perfect synchronization, the N × 1 received signal vector following the discrete Fourier transform (DFT) operation can be written as
where X is an N ×N diagonal matrix and is a composite of the pilot and data signals, 
denotes the lth pilot sub-carrier periodically placed in the frequency domain and k l − 1 is the sub-carrier index [1] , [3] . Furthermore, let the pilots received in the frequency domain be denoted as Y p and the corresponding noise vector be denoted as W p , where both Y p and W p have the form of L-dimensional vectors. Finally, let the channel frequency response of the pilot tones be given by
). Utilizing these definitions, the received pilot vector can be expressed as
III. PROBLEM FORMULATION AND PILOT POWER ALLOCATION
The LMMSE channel estimator of the pilot sub-carrier has the form [5, ch12, P391]
where
pĤp . Therefore, the MSE of the channel estimate can be expressed as
As a result, the problem of optimizing the power allocation amongst all the pilots in such a way that the MSE of the channel estimate is minimized is equivalent to finding the particular power allocation which minimizes the trace of
If the CSI is unknown, this problem can be solved from a consideration of the average statistical properties of the channel. Under such a scenario, the covariance matrix of ΔH p can be obtained by applying the orthogonal principle of the LMMSE estimator [5, 
Equation (7) is obtained using the matrix inverse lemma [5, P571] . It has been shown that the minimum trace of R ΔHp is achieved when the power is distributed uniformly amongst all the pilots [2] . When the channel is in a quasi-static state, i.e. the channel remains constant over a certain number of consecutive OFDM symbols, the CSI can be regarded as deterministic during the observation interval. Under such circumstances, the CCF of the pilot sub-carriers is given by
In the following analysis, we assume that Q Hp is perfectly estimated at the receiver. Hence, the LMMSE estimator of H p can be written as
and the estimated channel impulse response is given bỹ
pHp . Therefore, the covariance matrix of ΔH p in Eq. (6) can be rewritten as
The optimal pilot power allocation can then be found by minimizing the trace of Eq. (10) subject to the total power constraint, P. Equivalently, the optimization problem can be formulated as
The trace of Eq. (11) can be further simplified as follows:
It is easily shown that
Hence, the optimization problem given in Eq. (11) can be simplified to
Equation (14) is equivalent to
Applying the Lagrange multiplier method, the optimal power allocation can be found by maximizing the function
where μ 1 is the Lagrange multiplier. Letting
Since the pilot sub-carriers are generally spaced a few sub-carriers apart,
Hence, the maximal value of Eq. (18), i.e. the value which yields the minimum MSE of the LMMSE estimator, is obtained by selecting g such that |H p (g)| 2 has the maximum value. Consequently, assuming the CCF can be perfectly obtained at the receiver, the optimal power allocation scheme for quasi-static channels is simply to assign all of the available pilot power to the pilot subcarrier with the maximum channel gain |H p (g)| 2 in order to optimize the channel estimation performance of the corresponding sub-carrier. The transmitter can obtain the index of the sub-carrier with the maximum channel gain by using the feedback mechanism from the receiver. The channel frequency responses of the remaining pilot subcarriers can then be obtained from Eq. (8) using the perfect CCF Q Hp . In this study, this scheme is referred to as the dedicated-power pilots (DPP) scheme.
IV. THE PROPOSED GAIN-POWERED PILOTS SCHEME
In practice, although the CCF can be estimated by the receiver, the estimated CCF is inevitably imperfect since it contains estimation errors. As a result, the performance of the DPP scheme is substantially degraded, as will be shown in the next section. Accordingly, the current study proposes a water-filling-type pilot power allocation scheme to improve the channel estimation performance of the LMMSE estimator given an imperfect knowledge of the CCF.
Let
be a diagonal matrix given by Q Hp and let Q Hp in Eq. (11) be replaced by Λ Hp . The modified equation (11) can then be solved using the Lagrange method:
where μ 2 is the Largrange multiplier. By letting 
Therefore, X H p X p is given by
Hp .
Applying the power constraint tr{X
Note that
Hp }) is a constant for all subcarriers and is therefore denoted for convenience as C in the derivations which follow. Therefore, the power allocated to the mth pilot sub-carrier,
However, in deriving Eq. (22), the constraint that X H p X p should be positive semi-definite is ignored. To satisfy this constraint, the following water-filling-type solution [6] is proposed:
It is clearly seen that the matrix P H P is positive semidefinite and that the power allocation satisfies the power constraint. Since the power allocation is related to the channel gain, the scheme is designated as the gainpowered pilots (GPP) scheme. From inspection, it is observed that the GPP scheme allocates more power to the pilot-carriers having a higher channel gain to noise ratio
V. SIMULATION RESULTS
A series of Monte Carlo simulation experiments were performed to evaluate the normalized MSE (NMSE) performance of the LMMSE channel estimator. The OFDM system was assumed to have N = 64 sub-carriers. In addition, the length of CP was K = 16 and the frequency selective fading channel was assumed to have an exponentially-decayed power delay profile comprising L = 12 independent complex Gaussian distributed coefficients with a mean power of σ . It is observed that the theoretical results and the simulation results are in good agreement in every case. As expected, the DPP scheme achieves the best performance, i.e. the minimum NMSE value, when the CCF is perfectly known. Furthermore, it is observed that the proposed GPP scheme consistently outperforms the EPP scheme.
Considering the realistic case when CCF is not perfectly known at the receiver, the initial CSIȞ p can be obtained by using the EPP scheme together with a channel estimator with no requirement for a prior knowledge of the channel status. Consider the case where the CSI is estimated at the receiver end and contains an estimation error, i.e.Ȟ p = H p + E, where E is the channel estimation error and is modeled as a complex white Gaussian random vector. Clearly, the average MSE ofȞ p is equal to σ 2 E , i.e. the variance of E, since
Therefore, the estimated CCF is given byQ Hp =Ȟ pȞ H p and the power allocation of pilots is calculated by the receiver and then fed back to the transmitter. Note that for simplicity, it is assumed that the CCF received at the transmitter end is free of transmission errors. Figure 2 illustrates the variation of the NMSE of the LMMSE channel estimator given in Eq. (8) with the magnitude of the error in the initial CSI for the case in which the SNR has a value of 5dB. It is observed that the DPP scheme outperforms both the EPP scheme and the GPP scheme at lower values of the CSI error, but has a poorer performance than both schemes at higher values of the estimation error σ 2 E . This is to be expected since in the DPP scheme, all of the pilot power is allocated to the pilot sub-carrier with the highest channel amplitude in order to optimize the channel estimate obtained for the corresponding sub-carrier. The channel estimates of the other pilot sub-carriers are then obtained by applying the estimated CCF to Eq. (8) . As a result, the performance of the DPP scheme is inherently limited by the errors in the estimated CCF. Figure 2 shows that the proposed GPP scheme consistently outperforms the EPP method; particularly at lower values of the estimation error. On the other hand, it is evident that the GPP method is more robust toward CCF estimation errors than the DPP scheme. Figure 3 illustrates the performance of the three power allocation schemes as a function of the SNR for a constant initial channel estimation error of σ 2 E = 10 −2 . At low values of the SNR, the DPP scheme yields the best performance of the three methods, and the GPP scheme consistently outperforms the EPP scheme. However, at higher values of the SNR, the performance of the DPP method deteriorates, and the performance of the GPP scheme converges toward that of the EPP scheme. This tendency is to be expected since at a high SNR, Eq. (22) can be approximated as P L I L , which reduces to the EPP scheme. This study has investigated the problem of optimizing the power allocation amongst the pilots in an OFDM system with quasi-static channels in such a way that the performance of the linear minimum mean square error (LMMSE) channel estimator is enhanced. It is shown that all of the pilot power should be allocated to the pilot subcarrier with the maximum channel amplitude in the event that the channel correlation function (CCF) is perfectly known at the receiver and the index of the sub-carrier with the maximum channel gain is fed back to the transmitter.
If the channel status is unknown and the CCF is obtained via a process of estimation at the receiver end, the CCF inevitably contain a certain amount of error. To resolve this problem, this study has proposed a waterfilling-type power allocation scheme designated as the gain-powered pilots (GPP) scheme. The simulation results have shown that the GPP method outperforms the traditional equally-powered pilots (EPP) scheme at all values of the signal-to-noise ratio (SNR) and the estimation error.
